We review the properties of the Parking Lot Model and their connection with the phenomenology of vibrated granular materials. New simulation results concerning the out-of-equilibrium, aging behavior of the model are presented. We investigate in particular the relation between two-time response and correlation functions and the so-called violation of the fluctuation-dissipation theorem.
INTRODUCTION
Quite frequently, the time required for a system to reach equilibrium exceeds the experimental timescale. All measured quantities are then inherently nonequilibrium ones and depend upon the history of the system. While such history-dependent effects were initially studied in systems with quenched disorder, they can also be observed in disorder-free systems. An important example is the one-dimensional adsorption-desorption or Parking Lot Model (PLM) 1,2 that has been shown to reproduce the phenomenology of weakly vibrated granular materials. 3, 4 In this model, hard rods arrive at randomly selected positions on a line at rate k + . A new rod is accepted if it does not overlap with any preadsorbed rod. In addition, all rods present on the line are subject to desorption at a rate k − . The existence of insertion and deletion mechanisms implies the existence of a steady (equilibrium) state characterized by a single control parameter K = k + /k − . When K is sufficiently large, the saturation density is close to one, and this state is approached very slowly. Despite the simplicity of the model, it has a rich kinetic behavior. While we focus on the one-dimensional model, higher-dimensional versions can be envisaged as well.
From a purely theoretical perspective, the model has a number of features that make it worth investigating. All equilibrium properties are known exactly. With no desorption, the process is totally irreversible and it corresponds to a 1D Random Sequential Adsorption (RSA) for which the kinetics and microscopic quantities are also known exactly. 5 Several properties can be calculated analytically for the limit of infinitely slow desorption, i.e. K → ∞ (which is not the same as for the RSA process with no desorption at all 1 ). As shown below, some exact results can also be derived for the kinetics of this model when the desorption rate is finite. 6 Knight et al. performed experiments 7 in which a column containing monodisperse spherical beads was subject to a long sequence of taps with an intensity characterized by Γ = A/g where A is the maximum acceleration and g is the gravitational constant. These experiments showed that the density of the beads increases monotonically and surprisingly slowly with the number of taps, n t , for various intensities of tapping. More specifically, the density approaches the steady state value as 1/ ln(n t ).
In two other studies, Nowak et al. 3, 4 investigated the effect of cycling Γ, i.e. vibrating the column for a fixed number of taps with a sequence of Γ values. They found that as this parameter increases, the density of the granular material increases. When Γ is subsequently reduced by reversing the initial sequence, the density continues to increase. This second branch is reversible in that it is retraced if the increasing sequence of Γ is repeated. In the same experiments, Nowak et al. monitored the power spectrum of the density fluctuations near the steady state for different values of Γ. The spectrum is distinctly non-Lorentzian, with the highest and lowest characteristic frequencies being separated by a non-trivial power-law-like regime. More recently, Josserand et al. 8 measured the response of a vibrated column of beads to an abrupt change in shaking intensity and showed the presence of "memory effects".
These experiments have stimulated an intense theoretical activity. Besides some phenomenological approaches, 9,10 several microscopic models have been proposed, whose basic ingredients are geometrical frustration or/and quenched disorder. A representative example in which quenched disorder is present is the frustrated lattice gas model developed by Nicodemi, Coniglio and Hermann. 11, 12 Models with purely geometrical frustration and with kinetic constraints, such as the Tetris model, 13 kinetic Ising models 14, 15 or atomistic models, 16 have also been studied. The PLM is more akin to this latter class of models in that it is free of disorder: the geometrical constraint, namely that particles cannot overlap, induces the sluggish kinetics and the associated cooperativity as the system becomes more dense.
The connection of the PLM to the granular compaction experiment can be made by regarding the particles on the line as an average layer in the vibrating column. The effect of a tap is to eject particles from the layer (desorption); this is followed by the replacement of the particles, generally in different positions, and possibly by the incorporation of additional particles. 1/K plays a role similar to that of Γ. In this approach, mechanical stability is implicitly included by the absence of motion of the particles when the desorption is switched off. This microscopic and off-lattice description of granular compaction is suitable for describing all previous experiments and, as shown below and elsewhere, 17, 6, 18 is in fair agreement with the experimental results.
The paper is organized as follows: in Sec. 2, the densification kinetics at constant K is studied with an empty line as the initial state. In Sec. 3, we investigate how the density evolves when the control parameter K is abruptly changed at a fixed time and when K is cycled up and down. Section 4 focuses on the time-dependent correlation function of the density-density fluctuations when the system is close to equilibrium. In the last section we consider aging properties: the out-of-equilibrium, two-time response and correlation functions are investigated as well as the violation of the fluctuation-dissipation theorem.
KINETICS AT CONSTANT K
Formally, the densification kinetics of the system obeys
where Φ(t), the insertion probability, is the fraction of the substrate that is available for the insertion of a new particle. The presence of a relaxation mechanism, i.e. competing desorption and adsorption with an equilibrium constant K, implies that the system eventually reaches a steady state that corresponds to an equilibrium configuration of hard particles with ρ eq = KΦ eq (ρ eq ), where ρ eq denotes the equilibrium density. At equilibrium, the insertion probability is given exactly by
with the rods taken as being of length one. Inserting Eq. (2) in Eq. (1) and setting dρ/dt = 0 leads to the following expression for the equilibrium density:
where L w (x) (the Lambert-W function) is the solution of x = ye y . In the limit of small K, the isotherm takes the Langmuir form, ρ eq ∼ K/(1 + K), while for large K, ρ eq ∼ 1 − 1/ ln(K). At small values of K, equilibrium is rapidly obtained, but at large values the densification process is dramatically slowed. The time evolution of the PLM can be described by using the gap distribution function, G(h, t), that represents the density of voids of length h. This quantity evolves according to
where H(x) is the Heaviside function. This equation is not closed in that it involves the gapgap distribution function G(h, h , t), a quantity that represents the probability of finding two consecutive gaps of length h and h . An infinite hierarchy of equations can be written with each successive equation involving a higher-order gap distribution function. At equilibrium, i.e. when the time derivatives are equal to zero, the higher-order gap distribution functions obey a factorization property which allows an exact solution for all microscopic quantities. This is no longer true at finite times, and the hierarchical structure prevents the derivation of a full analytic solution of the model. Many partial results can, however, be obtained. Once the G(h, t) is known, the properties of interest may be calculated from the following sum rules:
and the insertion probability can be expressed as
The kinetic and equilibrium properties of the PLM have been previously investigated. 4, 6, 17, 19, 20 For sufficiently large values of K, it is possible to identify three distinct regimes in the densification process. These are illustrated in Fig. 1 that displays a linear-logarithm plot of the density versus time.
In the first stage, the process mimics the irreversible Random Sequential Adsorption (RSA) in which the asymptotic kinetics are described by a power law, 1/t. In the second regime, the density increases very slowly as 1/ ln(t) until it nears the steady-state value, at which point the kinetics cross over to an exponential form (see Fig. 1 ).
For the inverse power law behavior, desorption events are negligible. The kinetics can be understood in terms of the irreversible filling of isolated "targets" or regions of the line that can accept at most one additional rod. In this regime the gap distribution function evolves essentially according to ∂G(h, t)/∂t = −(h − 1)G(h, t) with h > 1, which yields G(h, t) = G(h, t 0 ) exp(−(h − 1)(t − t 0 )) where t 0 is a reference time. Since each target will eventually be occupied by one rod, the difference between the density at time t and the jamming limit density, ρ RSA (∞) (=0.747. . . ), is given by ρ RSA (∞) − ρ(t) The process is characterized by three slow kinetic regimes: (i) RSA-like regime whose final stage is described by a 1/t behavior, (ii) 1/ ln(t) regime, and (iii) exponential approach towards equilibrium.
is an irrelevant upper cut-off. When the desorption rate is finite, in practice one switches to the second regime just before the density ρ RSA (∞) is obtained. The intermediate regime in which the density varies as 1/ ln(t) can be explained by free volume arguments. A simple heuristic one is as follows. 7 The free volume (here the free length) available to each rod is (1/ρ) − 1. In order to add one additional rod to the system, a void of length at least one must appear, which implies that a number N = ρ/(1 − ρ) of rods must contribute their free length. The rate of increase of density is proportional to the probability of this event which is exp(−N ) = exp(−ρ/(1 − ρ)), i.e. essentially the same as that in Eq. (2) . Integration of the rate equation then gives the inverse logarithmic time dependence. a It should be stressed that this is a remarkably robust result that is observed in all of the models for granular compaction. It is independent of the system dimensionality, it is the same for continuous and lattice systems and it is unchanged by any (reasonable) polynomial function of ρ multiplying the exponential term.
A naive approach to estimate the characteristic relaxation time τ eq of the final exponential regime is the following adiabatic or mean-field approximation. Denoting δρ(t) = ρ(t) − ρ ∞ , with ρ ∞ = ρ eq (K), and inserting in Eq. (1) the equilibrium form of Φ given in Eq. (2), one obtains at first order in density difference δρ
This mean-field assumption leads thus to the paradoxical result that the characteristic time for the rearrangement of the line is smaller than K, the time for a desorption event.
Since surface diffusion is absent in the PLM, significant rearrangement can only occur on a timescale longer than K, and no significant densification can occur on the timescale τ M F eq . To obtain a correct estimate of the relaxation time of the process, we now turn to a description in terms of the gap distribution approach. We assume that, as for the steady state (or equilibrium), G(h, t) ∼ exp(−Πh), with Π ∼ ln K ∼ (1−ρ) −1 when K is very large. As a consequence, if one defines ρ n (t) = n+1 n G(h, t)dh and Φ n (t) = n+1 n (h − 1)G(h, t)dh, then ρ n ∼ Φ n ∼ K −n , so that if one looks for the dominant behavior in 1/K, it is sufficient to consider the first intervals in h. As in the mean-field approximation, one can expand the gap densities in power of δρ(t) and keep only the linear term that gives rise to the exponential decay.
By using the various sum rules and assuming that the two-gap distribution function can be written as a product of 1-gap functions to O(1/K), we have obtained after a tedious calculation 6 the relaxation time τ eq whose expansion for large K is
This time is indeed much slower than that predicted by the mean-field approximation. The reason for this dramatic difference, which is of several orders of magnitude for large K, is due to the absence in the PLM of a fast process that would reshuffle the particles on the line at constant density, so that the structure of the system would be that of a typical equilibrium configuration. In the PLM, rearrangement of the particles and densification occur on the same timescale.
KINETICS WITH VARYING K: DENSIFICATION AND MEMORY EFFECTS
In this section, we focus on the dynamical properties of the system when the control parameter K is varied along the process. The irreversible/reversible cycles 3,4 and the recently demonstrated presence of "memory effects" 8 in the compaction of glass beads can be reproduced by the PLM.
Following the experimental procedure of compaction cycles, 4,3 we performed simulations in which the relative rate of desorption, 1/K, is first increased at a given rate and then cycled down and up, the simulation being stopped after the same time t = 40000. (Recall that 1/K plays the same role as the tapping intensity and that, when expressed in units of k + , time is assumed to measure the number of taps; this leads to the reasonable behavior that the number of desorption events increases as the tapping strength increases.) Figure 2 (a) displays the density as 1/K varies between 10 −4 and 10 −3 and it is similar to the behavior observed experimentally as well as numerically in the FLG models. 21, 22 Along the first (irreversible) branch the density increases rapidly and then passes through a maximum as 1/K increases. When the initial sequence of 1/K is reversed (decreasing 1/K), the density increases monotonically. When the initial (increasing) sequence of 1/K is repeated, the density now decreases monotonically, nearly retracing the second branch. The residual hysteresis observed between the second and third branches is also present in other models, 10 and it diminishes as one considers larger values of K and larger time intervals between changes of desorption rate. Note that the densities attained in the present Fig. 2 (a) Irreversible and reversible densification branches. Starting from a "loose" packed state, the process consists of a sequence of varying values of K between 1000 and 10000. For each K, the duration is 40000. The arrows show the sense of the cycle. The dotted line is the equilibrium curve. (b) "Memory" effect at short times after an abrupt change of the desorption rate: the full curves correspond to a process with a constant K, whereas the dashed curves show the kinetics of a process where K is switched from 500 to 2000 and vice-versa at t = 1000. adsorption-desorption model are typical of a one-dimensional system and that more realistic values would be obtained by employing the two-dimensional version of the model. To further compare the model predictions to the available experimental data on vibrated granular materials, we have studied the effect of an abrupt change in K on the densification kinetics. This is illustrated in Fig. 2(b) in which K is switched from 500 to 2000 and viceversa. An increase in K corresponds to reducing the vibration intensity and leads, contrary to simple intuition, to an initial increase in the density. The outcome is reversed if K is decreased. The same "anomalous" behavior was observed experimentally by Josserand et al. 8 
BEHAVIOR NEAR EQUILIBRIUM
As mentioned in Sec. 2, when the time is large enough compared to the relaxation time τ eq , the system is at equilibrium. We denote time by τ in equilibrium regime. In this case, the density of adsorbed particles fluctuates around the average equilibrium value. The time-dependent correlation function of the density fluctuations (at equilibrium) is defined as
where ρ(τ + t ) = ρ(t ) = ρ eq and the angular brackets denote an average at equilibrium. Since the system is at equilibrium, the correlation function only depends on the time difference τ and not on t . Around equilibrium, the Onsager principle of regression of fluctuations implies that for a large enough time, C(τ ) approaches zero in the same (exponential) way as ρ(τ ) approaches ρ(∞) = ρ eq , with the same relaxation time. Figure 3 displays a plot of C(τ ) for K = 500. The lower right inset shows a linear-logarithmic plot of C(τ ) which confirms the exponential approach at long times. Figure 3 shows that the correlation function C(τ ) first decays to about 0.8 on a timescale much shorter than that of the relaxation time. To understand this behavior, highlighted in the upper right inset, we note that for this regime, τ K, desorptions are rare and the regression of the density fluctuations is dominated by the filling of isolated targets (without large scale rearrangement of the configuration). On the other hand, the overall amplitude of this initial decay is a function of the desorption rate and it goes to zero as K goes to infinity. The target filling being similar to that in a simple RSA process, one predicts a 1/τ kinetics. At times τ ∼ K desorption introduces a cut-off to this algebraic behavior, leading to a (1/τ ) exp(−τ /K)-law. A more complete calculation gives 6
The upper right inset of Fig. 3 displays a comparison between the simulation result and Eq. (12) at short times. We note that the above heuristic argument allows to predict the short-time behavior of the correlation function for the parking-lot model in higher dimensions. For RSA, the asymptotic kinetics, resulting from the filling of isolated targets, is given by τ −1/D . Correspondingly, the power spectrum should behave as ω −1+1/D for ω > 1/K. In particular, this predicts a power law ω −1/2 for D = 2, which is compatible with the experimental data in vibrated granular media. 4 
TWO-TIME FUNCTIONS, VIOLATION OF THE FDT AND INTERRUPTED AGING
In this section, we consider the two-time correlation and response functions in the outof-equilibrium regime, as well as their relation. The two-time correlation function of the density fluctuations, after normalization, is defined as follows:
where the brackets denote an average over independent runs and t ≥ t w . Figure 4 shows C(t, t w ) as a function of t − t w for different values of t w , often referred to as the waiting time. Contrary to the situation described in the previous section, the system exhibits aging: the larger t w , the longer the memory of the initial configuration persists. This aging regime is thus characterized by a breakdown of the time translation invariance. 23 Fig. 4 Two-time correlation function C(t, t w ) as a function of elapsed time t − t w for different waiting times (t w = 2000, 4000, 6000, 10000, 16000) (from left to right) and with K = 5000.
When t and t w are large enough (but still smaller than the equilibration time τ eq ), the aging behavior is usually described by a non-trivial form involving a single scaling variable that is the ratio of a function of t (or of the elapsed time t−t w ) divided by the same function of t w . In the FLG models, it was found numerically that the appropriate scaling variable is ln(t−t w )/ ln(t w ). 21 On the other hand, for the PLM, we showed numerically 18 that the aging regime is characterized by a simple (t − t w )/t w scaling, a behavior similar to that found in a large variety of systems. 23 This result suggests that a promising way to establish whether quenched disorder, as in the FLG models, or simple geometrical frustration, as in the PLM, better describe the physics of vibrated granular materials is to study experimentally the two-time correlation function of the density fluctuations in the course of the densification process. (Recall that all other phenomena displayed by vibrated granular materials are, at least qualitatively, reproduced by both the FLG and the PLM.)
We have also calculated the two-time response function as follows. Starting from an empty line, the system evolves at a fixed K. After a given time, t w , two clones of the system are made. The original system continues to evolve with the same K, and the two clones now evolve with K + δK and K − δK. The response at time t then corresponds to the difference in density between one clone and the original system. In order to obtain reasonable statistics, it is necessary to average over many independent runs (typically 10 4 ). Since the PLM in the t, t w → ∞ limit reduces to an equilibrium system in the grand canonical ensemble with a chemical potential given by βµ = ln(K) with β = 1/k B T , ln(K) is the external "field" conjugate to the density ρ. We thus consider the response to a change in ln(K),
In the simulation, it is approximated by
where ρ * (t, t w , K ±δK) denote the density of the clones at a time t larger than t w . R ± (t, t w ) are integrated response functions since the perturbation is applied over an extended period time. In the linear-response regime, which is the one of most interest, the response function must be independent of the amplitude and sign of the perturbation. One should have in particular R + (t, t w ) = R − (t, t w ). We have used this requirement as a test to check that our simulation data were indeed, to a very good approximation, in the linear response regime. In practice, we have used δK/K = 0.1 or 0.07 and in order to minimize the nonlinear contribution of the response, we have taken the average of R + (t, t w ) and R − (t, t w ) to approximate Eq. (14) . Choosing smaller values of δK/K would have drastically increased the number of independent runs necessary to obtain a well-defined curve for the response function. When t w and t − t w become much larger than the relaxation (or "ergodic") time τ eq , the response function reaches the equilibrium value R eq = ρ eq (1 − ρ eq ) 2 and the fluctuationdissipation theorem (FDT) applies when t w > τ eq . One then recovers the time translation invariance, i.e. R(t, t w ) = R(τ = t − t w ); in this case, the response function associated with changes in the external field βµ = ln(K) (coupled to the density) and the density-density correlation function are related by
whereC(τ ) = δρ(τ )δρ(0) . (Note that, as usual for hard objects, the temperature is irrelevant and does not explicitly enter in Eq. (16) because it is included in ln(K) = βµ). Response function R(t, t w ), normalized by its equilibrium value, versus normalized correlation function C(t, t w ) (a) for K = 300 and for three waiting times t w = 500, 1000, 3000 (from bottom to top), (b) for K = 1000 and for three waiting times t w = 1000, 3000, 8000 (from bottom to top), and (c) for K = 5000 and for three waiting times t w = 2000, 6000, 16000 (from bottom to top).
It is worth stressing that with the definition adopted above of a response to ln(K), a positive response means that an increase of K (i.e. a decrease in tapping strength) increases the density, whereas a negative response corresponds to a density decrease. In the PLM, the initial response is always positive, although it is very small for large values of t w .
When t w is less than the relaxation time τ eq , the FDT no longer holds. We illustrate the "violation" of the FDT in Figs 5(a)-(c) where the response function R(t, t w ), normalized by its equilibrium value, is plotted versus the normalized correlation function C(t, t w ). On such a plot, the FDT, i.e. Eq. (16) , implies that all curves fall on the same straight line. One notices that this is the case when the correlation function C is close to one, although the range over which the FDT is obeyed diminishes when K increases and when t w decreases. The fact that Eq. (16) is satisfied initially can be explained by noting that at short times (t − t w small), both the response of the system and the decorrelation of the density fluctuations involve only the arrival and departure of particles in small isolated segments of the line. No large-scale rearrangements of the system are possible, and the kinetics are simply governed by the superposition of adsorption-desorption events in small independent subsystems. This is analogous to the short-time situation described in Sec. 4, and the equilibrium relation, Eq (16) thus applies. At very long times t, i.e. when τ = t − t w > τ eq and C is very close to zero, the FDT also applies because the system relaxes to equilibrium in the usual Onsager-like regime: this is a manifestation of "interrupted aging". 23 This return to standard FDT behavior is visible in Fig. 5(a) for a moderate value of K (K = 300); for larger values of K, the relaxation time to equilibrium, τ eq , is prohibitively long for computer simulations (for instance, the time required to obtain the data in Fig. 5(c) is t = 200 000).
For intermediate times t − t w , and intermediate values of the correlation function C, the out-of-equilibrium kinetics are characterized by strong violations of the FDT. As shown in Figs. 5(a)-(c) , the departure from FDT behavior, when considering decreasing values of C, is strongly dependent on the waiting time t w : the larger t w , the smaller the violation of the FDT (for K = 300, the system is completely at equilibrium for t w = 3000).
The slope of R versus C when violation first appears (i.e. for values of C near 1, corresponding to times at which aging is just starting) has been used as a central quantity for characterizing aging systems. For out-of-equilibrium systems in which the entropy production is small, 24 this slope defines an effective temperature that is larger than the temperature of the bath. As is obvious from Figs. 5(a)-(c), the concept of effective temperature does not apply, at least not in a straightforward way, to the aging behavior of the PLM: indeed, not only is the slope (for C > 0.5) strongly dependent on the waiting time, but it can also reach positive values, which would imply negative effective temperatures (recall that the sign of the slope is the opposite of the ratio of the effective temperature to that of the bath and is thus equal to −1 when the FDT holds). A similar feature has been observed in the FLG model 12, 25 and it suggests that such models, and possibly real vibrated granular materials, do not fall in the category of systems with small entropy production. We are presently studying the time-dependent entropy of the PLM to further elaborate on this explanation and to make the connection with the formalism developed by Edwards, 26 as has been done recently with the Kob-Andersen 27 and Tetris models. 28 
